We use the t-J model and Mori projection operator formalism for calculating the magnetic susceptibility of p-type cuprates in the superconducting and pseudogap phases. The lack of extended tails in the peaks of the hole spectral function was shown to provide an incommensurate low-frequency response with hole dispersions derived from photoemission. The theory reproduces the hourglass dispersion of the susceptibility maxima with the upper branch reflecting the dispersion of localized spin excitations and the lower branch being due to incommensurate maxima of their damping. The intensive resonance peak appears when the hourglass waist falls below the bottom of the electron-hole continuum. In the pseudogap phase, the Fermi arcs lead to a quasi-elastic incommensurate response for low temperatures. This result explains the lack of the superconducting gap in the susceptibility of phase-separated underdoped lanthanum cuprates. It may also explain the strengthening of the quasi-elastic response by magnetic fields and impurities. The theory accounts for the magnetic stripe reorientation from the axial to diagonal direction at low hole concentrations.
Introduction
Magnetic response of the p-type cuprate perovskites is incommensurate with a peculiar hourglass dispersion of the susceptibility maxima [1] . In this work we treat various aspects of the response in an approach, which takes into account strong electron correlations inherent in the crystals and does not presuppose charge stripes. The response differs essentially in the two low-temperature phases, the superconducting (SC) and the pseudogap (PG) states. This difference is one of the reasons of the variety of the observed magnetic properties.
We use the two-dimensional t-J model, which is widely believed to de- ω This contribution reads
where the interaction constant k k ′ f is a smooth function of its arguments, , 
Susceptibility in the superconducting phase
For the parameters of p-type cuprates above the frequency ( )
the momentum dependence of the susceptibility is defined by the denominator in (1). The respective susceptibility maxima form an upward-directed branch resembling the spin-wave dispersion, which has a gap r ω at .
Q k =
In contrast to theories, in which the magnetic incommensurability is related to charge stripes (see, e.g., [3, 4] ), in the present approach the intensity of maxima is nearly isotropic for ,
in agreement with experiment [1] . This branch of susceptibility maxima forms the upper part of the hourglass dispersion. 
Fig. 2
The contour plot of ( ) .
Due to long tails in Lorentzians usually used in the itinerant-electron theories for approximating coherent peaks in the hole spectral functions (see, e.g., [5, 6] ) this energy conservation can be violated, and the maxima are obtained only for k ε with nested Fermi surfaces. However, the energy-independent damping in the Lorentzians contradicts the known properties of the hole self-energy in the t-J model. Therefore, the energy-conserving δ-
Γ being a broadening. In this case the hole dispersion derived [5] from photoemission was found to produce the low-frequency incommensurate response (Fig. 2 ) in good agreement with experiment [1] . Notice that in the itinerant-electron approach no incommensurability was found for small ω with this dispersion [5] .
Due to the resonance denominator in (1) ( ) Fig. 3 ). Analogous maximum was observed in YBCO and some other cuprates and was called the resonance peak [7] . If r e ω ω < , the maximum falls into the region of a large damping [see Fig. 3(b) ]. In this case the maximum becomes broader and less intensive, as observed in lanthanum cuprates [1, 3] . in the former case and near their centers in the latter (see Fig. 1 ). Therefore, with decreasing ω the maxima of χ ′
Susceptibility in the pseudogap phase
This behavior of χ ′ ′ is changed in the PG phase, which is characterized by Fermi arcs -fragments of the Fermi surface near the node points [8] . They resemble crescent pockets in Fig. 1 ; however, in contrast to them in the PG phase the length of the equi-energy contours remains finite with . 0 → ω As a consequence χ ′ ′ does not vanish down to T ω (see Fig. 4, circles) . Moreover, in the PG phase χ ′ ′ can grow with decreasing ω (triangles in Fig. 4) . The reason for this growth is a small cusp in the hole dispersion at the Fermi level, which was obtained in the self-consistent calculations in the t-J model [9] , and which was presumably observed in photoemission [8] . The cusp increases the combined density of states at small , ω which leads to the growth of . χ ′ ′ This behavior resembles that observed [10] in underdoped lanthanum cuprates (Fig. 4, diamonds) . Thus, in contrast to the SC phase with the SC gap in the susceptibility, the magnetic response of the PG phase is quasi-elastic [11] .
In the SC phase, the underdoped cuprates differ from more heavily doped crystals by the lack of the SC gap in the susceptibility, which remains finite down to low frequencies [1] . The results shown in Fig. 4 can account for this distinction, if additionally a phase separation into SC and PG regions is supposed [9] in the former compounds. In these crystals, the SC gap is not observed because the lowfrequency response is determined by the PG regions, while both types of regions contribute to χ ′ ′ for larger .
ω Thereby the incommensurability parameter varies continuously from small to large ω and the dispersion of maxima has the hourglass shape, as in more heavily doped cuprates. The same mechanism may be responsible for the enhancement of incommensurate quasi-elastic peaks of χ ′ ′ by modest magnetic fields [12] and small impurity concentrations (Fujita, M., Enoki, M., Iikubo, S, Kudo, K, Kobayashi, N., Yamada, K.: arXiv:0903.5391). An external magnetic field, which is smaller than the upper critical field, produces vertices in the crystal. In accord with some theories and experimental data [13, 14] vertex cores and their neighborhood are in the PG phase. Thus, in the underdoped case the field increases the fraction of the crystal occupied by this phase, thereby strengthening the quasi-elastic signal, as observed in [12] . In optimally doped LSCO vertices induced by the field lead to the partial filling of the SC gap [15] .
Regions of the PG phase around impurities furnish the same result. [8] . This value is close to the mentioned concentration of the maxima reorientation in LSCO. Notice that also for such small x the dispersion of the susceptibility maxima has the hourglass shape.
However, the values of r ω and the incommensurability parameter are smaller than for larger .
x These results agree with experimental observations [1] .
The theory based on Mori's formalism [2, 11] takes proper account of strong electron correlations, which are inherent in cuprates. In this respect, this theory differs from weak-interaction itinerant-electron approaches [5, 6] . In contrast to them, for the description of the incommensurate response the strongcorrelation theory does not need in the Fermi surface nesting or in vanishingly small damping of hole states. Besides, this theory describes the magnetic response of n-type cuprates (Sherman, A.: arXiv:1207.3405), while the itinerant-electron approach has difficulties in its interpretation [16] . In contrast to works [3, 4] the present theory does not need in the supposition of static or quasi-static charge stripes, which existence was safely detected only in some of the p-type cuprates [17] . The stripe theory does not take into account the difference in the hole dispersion in SC and PG phases. 
